excursions in

modern
mathematics




This page intentionally left blank



Get the Most Out of

Your Liberal Arts Mathematics

MyMathLab Courses

P

Pearson

MyMathLab has helped millions of students succeed in their math courses. As
classrooms and students have evolved in mathematics, MyMathLab has evolved
as well, with enhancements that make it easy for you to support your students.

Personalize Learning for
Each Student

MyMathLab can personalize homework
assignments for students based on their
performance on a test or quiz. This way,
students can focus on just the topics they
have not yet mastered.

Overall Score Average & Distribution Page 1 2 > o2
e a7 oo -
An

e s s C mm W
o s e SR 9%
o [ o
. s s T Eaa
—— e SR 2 12%)
e 01T 1 Srtion? | 70% [ 21% 42% 23% |

Get Students Engaged

Learning Catalytics™—a student response tool that

uses students’ smartphones, tablets, or laptops to engage
them in more interactive tasks and thinking—is avail-
able through any MyMathLab course to foster student
engagement and peer-to-peer learning. You can generate
class discussion, guide your lecture, and promote peer-
to-peer learning with real-time analytics.

|E@ Homework modity
Current Score  78.57% (11 points out of 14)

“This homeswork wil not affect your Study plan score.

Number of times you can complete each question: unlimited

A\ Changes made here WILL affect your score. Goto Results to practice without affecting vour score,

matic credit (11 pts) for topics you mastered on sample pretest™
need to work on questions that are links below.

Show All | Show What I Need to Do

Scored: 11

Partial Credit: 0

Correct: 11

Questions: 14
 Question 3 (1/1) B

Question 6 (0/1)
v Question © (1/1) €
V Question 12 (1/1) &

V Question 1 (1/1) B

 Question4 (1/1) B
Question7 (0/1) B

 Question 10 (1/1) &

¥ Question 13 (1/1) H&

v Question2 (1/1) B
Question s (0/1) &
v Question s (1/1) @
 Question 11 (1/1) &
 Question 14 (1/1) H &

Use Data to Tailor Your Course

A comprehensive gradebook with
enhanced reporting functionality helps
you efficiently manage your course. The
new Reporting Dashboard presents stu-
dent performance data at the class, sec-
tion, and program levels in an accessible,
visual manner. Item Analysis allows you
to track class-wide understanding at the
exercise level, so that you can refine your
lectures or assignments to address just-in-
time student needs.

www.mymathlab.com


http://www.mymathlab.com

Get the Most Out of

Your Liberal Arts Mathematics

MyMathLab Courses

Excursions in Modern Mathematics shows that math is more than a set of

formulas— it's a powerful and beautiful tool that can be applicable and
interesting to anyone. With chapters categorized by social choice, management
science, growth, shape and form, and statistics, you can dig into topics that are
beyond what your students have seen before, and give them a new appreciation

for this subject.

Spark Your Students’ Interest with:

...Math That's Applicable

The math of politics, government, and

social science is more important than ever
for students to think about and is increas-

ingly relevant to their civic lives. How do

we elect our leaders? How do we measure
the power of individuals and groups when

it comes to social choice? These are key
questions for students to explore.

...Math That's Modern

Much of the math in this text was

discovered in the last century. Show your

students how math is an evolving tool
that is extremely useful to today's soci-

ety. For example, in a world where social

networks are a fact of life, the math of
how people and places connect to each
other is more relevant than ever.

P

Pearson

Electoral College Map

s

L

NH 4&
VT3*‘
A“——MA "

/\\RM

\ \DE 3
MD 10

v “*'3§ NJ 14

...Math That's Beautiful

Exploring the connections between math and
shapes—both natural and man-made—gives
students a chance to see that there is so much
more to math than algebra. It truly can be
beautiful.

www.mymathlab.com


http://www.mymathlab.com

This page intentionally left blank



Excursions in
Modern Mathematics



This page intentionally left blank



9th edition

Excursions in
Modern Mathematics

Peter Tannenbaum
California State University—Fresno




Director, Portfolio Management: Anne Kelly

Courseware Portfolio Manager: Marnie Greenhut
Courseware Portfolio Assistant: Stacey Miller

Content Producer: Patty Bergin

Managing Producer: Karen Wernholm

Media Producer: Nick Sweeny

TestGen Content Manager: Mary Durnwald

MathXL Content Developer: Robert Carroll

Product Marketing Manager: Alicia Frankel

Product Marketing Assistant: Hanna Lafferty

Senior Author Support/Technology Specialist: Joe Vetere
Rights and Permissions Project Manager: Gina Cheselka
Manufacturing Buyer: Carol Melville, LSC Communications
Associate Director of Design: Blair Brown

Text Design, Production Coordination, Composition, and Illustrations: Cenveo
Publisher Services

Cover Design: Barbara T. Atkinson

Cover Image: Elisabeta Stan/Shutterstock

Copyright © 2018, 2014, 2010 by Pearson Education, Inc. All Rights Reserved. Printed
in the United States of America. This publication is protected by copyright, and per-
mission should be obtained from the publisher prior to any prohibited reproduction,
storage in a retrieval system, or transmission in any form or by any means, electronic,
mechanical, photocopying, recording, or otherwise. For information regarding permis-
sions, request forms and the appropriate contacts within the Pearson Education Global
Rights & Permissions department, please visit www.pearsoned.com/permissions/.

Acknowledgments of third-party content appear on page 569, which constitutes an
extension of this copyright page.

PEARSON, ALWAYS LEARNING, and MYMATHLAB™ are exclusive trademarks
owned by Pearson Education, Inc. or its affiliates in the U.S. and/or other countries.

Unless otherwise indicated herein, any third-party trademarks that may appear in this
work are the property of their respective owners and any references to third-party trade-
marks, logos or other trade dress are for demonstrative or descriptive purposes only. Such
references are not intended to imply any sponsorship, endorsement, authorization, or pro-
motion of Pearson’s products by the owners of such marks, or any relationship between
the owner and Pearson Education, Inc. or its affiliates, authors, licensees or distributors.

Library of Congress Cataloging-in-Publication Data

Names: Tannenbaum,
Peter, 1946
Title: Excursions in modern mathematics / Peter Tannenbaum,
California State
University, Fresno.
Description: 9th edition. | Boston
: Pearson, [2018] | Includes index.
Identifiers: LCCN 2016042060 | ISBN
9780134468372 (hardcover) | ISBN
0134468376 (hardcover)
Subjects: LCSH:
Mathematics. | Mathematics--Textbooks. |
Probabilities--Textbooks. |
Mathematical statistics--Textbooks.
Classification: LCC QA36 .T352018 | DDC
510--de23
LC record available at https:/lccn.loc.gov/2016042060

1 16

@ Pearson

ISBN 13: 978-0-13-446837-2
ISBN 10: 0-13-446837-6


http://www.pearsoned.com/permissions/
https://lccn.loc.gov/2016042060

To the members of the board of Last Tango



This page intentionally left blank



Contents

Preface xiii

n PART 1 SOCIAL CHOICE

The Mathematics of Elections :
The Paradoxes of Democracy

The Basic Elements of an Election 3

The Plurality Method 10

The Borda Count Method 12

BN =Y
WIAN

UE The Plurality-with-Elimination Method 74
LB The Method of Pairwise Comparisons 79
UM Fairness Criteria and Arrow’s Impossibility Theorem 22

Conclusion 26
Key Concepts 27
Exercises 29

2 The Mathematics of Power 3s
Weighted Voting

m An Introduction to Weighted Voting 39
m Banzhaf Power 42

Shapley-Shubik Power 50

m Subsets and Permutations 55

Conclusion 58
Key Concepts 58
Exercises 60

3 The Mathematics of Sharing s

Fair-Division Games

m Fair-Division Games 69

m The Divider-Chooser Method 72
%8 The Lone-Divider Method 73
28 The Lone-Chooser Method 78

vii



viii Contents

M The Method of Sealed Bids 87
¥ The Method of Markers 85

Conclusion 88
Key Concepts §9
Exercises 90

4 The Mathematics of Apportionment 10
Making the Rounds

Apportionment Problems and Apportionment Methods 703

Hamilton’s Method 107

Jefferson’s Method 109

Adams’s and Webster’s Methods 172

The Huntington-Hill Method 174

»
w

The Quota Rule and Apportionment Paradoxes 718

Conclusion 123
Key Concepts 125
Exercises 126

LI PART 2 MANAGEMENT SCIENCE

The Mathematics of Getting Around 136
Euler Paths and Circuits

m Street-Routing Problems 737

E An Introduction to Graphs 741

Euler’s Theorems and Fleury’s Algorithm 750

m Eulerizing and Semi-Eulerizing Graphs 756

Conclusion 160
Key Concepts 161
Exercises 162

6 The Mathematics of Touring 17
Traveling Salesman Problems
m What Is a Traveling Salesman Problem? 773
m Hamilton Paths and Circuits 177
The Brute-Force Algorithm 181
m The Nearest-Neighbor and Repetitive Nearest-Neighbor Algorithms 784
m The Cheapest-Link Algorithm 788



Contents

Conclusion 793
Key Concepts 793
Exercises 194

7 The Mathematics of Networks 20
The Cost of Being Connected
BB Networks and Trees 205
Spanning Trees, MSTs, and MaxSTs 2171
Kruskal’s Algorithm 2174

Conclusion 218
Key Concepts 219
Exercises 219

8 The Mathematics of Scheduling 22
Chasing the Critical Path

m An Introduction to Scheduling 227
m Directed Graphs 232
G Priority-List Scheduling 234
m The Decreasing-Time Algorithm 239
m Critical Paths and the Critical-Path Algorithm 247

Conclusion 245
Key Concepts 246
Exercises 247

PART 3 GROWTH

Population Growth Models 2ss
There Is Strength in Numbers

m Sequences and Population Sequences 259
m The Linear Growth Model 265

m The Exponential Growth Model 272
m The Logistic Growth Model 277

Conclusion 283
Key Concepts 283
Exercises 284

ix



Contents

1 O Financial Mathematics 2%
Money Matters

m Percentages 291
m Simple Interest 296

m Compound Interest 300
m Retirement Savings 308

m Consumer Debt 313

Conclusion 318
Key Concepts 318
Exercises 320

PART 4 SHAPE AND FORM

1 The Mathematics of Symmetry s
Beyond Reflection

U Rigid Motions 327

(NP3 Reflections 329
11.

w

Rotations 330

-
—
>

-
-
N

Translations 332

Glide Reflections 333

Symmetries and Symmetry Types 335
Patterns 340

Conclusion 344
Key Concepts 345
Exercises 346

1 2 Fractal Geometry ss
The Kinky Nature of Nature
The Koch Snowflake and Self-Similarity 357
m The Sierpinski Gasket and the Chaos Game 363
The Twisted Sierpinski Gasket 366
28 The Mandelbrot Set 367

Conclusion 374
Key Concepts 375
Exercises 377



1

Contents

Fibonacci Numbers and the Golden Ratio sss
Tales of Rabbits and Gnomons

(AN Fibonacci Numbers 387

(¥ The Golden Ratio 391

EEN Gnomons 393
Spiral Growth in Nature 398

Conclusion 400
Key Concepts 401
Exercises 402

PART 5 STATISTICS

14

15

16

Censuses, Surveys, Polls, and Studies 4o
The Joys of Collecting Data

38 Enumeration 477

4 Measurement 478

(LN Cause and Effect 426

Conclusion 432
Key Concepts 432
Exercises 434

Graphs, Charts, and Numbers
The Data Show and Tell
Graphs and Charts 443
(8 Means, Medians, and Percentiles 453
Ranges and Standard Deviations 459

Conclusion 461
Key Concepts 462
Exercises 463

Probabilities, Odds, and Expectations 4
Measuring Uncertainty and Risk

LA Sample Spaces and Events 473
The Multiplication Rule, Permutations, and Combinations 478
(LEN Probabilities and Odds 483

(2N Expectations 491
Measuring Risk 494

Xi



Xii Contents

Conclusion 500
Key Concepts 500
Exercises 501

1 7 The Mathematics of Normality sos
The Call of the Bell
Approximately Normal Data Sets 509
4 Normal Curves and Normal Distributions 574
Modeling Approximately Normal Distributions 579
Normality in Random Events 522

Conclusion 527
Key Concepts 528
Exercises 529

Answers to Selected Exercises 537
Index 561
Credits 569



Preface

FROM THE AUTHOR

To most outsiders, modern This text started more than 20 years ago as a set of lecture notes

mathematics is unknown territory. for a new, experimental “math appreciation” course (these types
Its borders are protected by of courses are described, sometimes a bit derisively, as “math

, , for poets”). Over time, the lecture notes grew into a text and
dense thickets of technical terms; the “poets” turned out to be social scientists, political scientists,
its landscapes are a mass of economists, psychologists, environmentalists, and many other

indecipherabl ti d “ists.” Over time, and with the input of many users, the contents
Indecipherable equatlons an have been expanded and improved, but the underlying philoso-
incomprehensible concepts. Few phy of the text has remained the same since those handwritten

realize that the world of modern lecture notes were handed out to my first group of students.

mathematics is rich with vivid Excursions in Modern Mathematics is a travelogue into
, . that vast and alien frontier that many people perceive mathemat-
images and provocative ideas. ics to be. My goal is to show the open-minded reader that math-
— Ivars Peterson, ematics is a lively, interesting, useful, and surprisingly rich human

The Mathematical Tourist activity.

The “excursions” in Excursions represent a collection of top-
ics chosen to meet the following simple criteria.

m Applicability. There is no need to worry here about that great existential ques-
tion of college mathematics: What is this stuff good for? The connection be-
tween the mathematics presented in these excursions and down-to-earth, con-
crete real-life problems is transparent and immediate.

® Accessibility. As a general rule, the excursions in this text do not presume a
background beyond standard high school mathematics—by and large, interme-
diate algebra and a little Euclidean geometry are appropriate and sufficient
prerequisites. (In the few instances in which more advanced concepts are unavoid-
able, an effort has been made to provide enough background to make the material
self-contained.) A word of caution—this does not mean that the excursions in
this book are easy! In mathematics, as in many other walks of life, simple and basic
are not synonymous with easy and superficial.

B Modernity. Unlike much of traditional mathematics, which is often hundreds of
years old, most of the mathematics in this text has been discovered within the
last 100 years, and in some cases within the last couple of decades. Modern
mathematical discoveries do not have to be the exclusive province of profes-
sional mathematicians.

m Aesthetics. The notion that there is such a thing as beauty in mathematics is
surprising to most casual observers. There is an important aesthetic component
in mathematics, and just as in art and music (which mathematics very much re-
sembles), it often surfaces in the simplest ideas. A fundamental objective of this
text is to develop an appreciation of the aesthetic elements of mathematics.

Outline

The excursions are organized into five independent parts, each touching on a differ-
ent area where mathematics and the real world interface.

m PART 1 Social Choice. This part deals with mathematical applications to poli-
tics, social science, and government. How are elections decided? (Chapter 1);

xiii
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How can the power of individuals, groups, or voting blocs be measured? (Chap-
ter 2); How can assets commonly owned be divided in a fair and equitable man-
ner? (Chapter 3); How are seats apportioned in a legislative body? (Chapter 4).

PART 2 Management Science. This part deals with questions of efficiency —
how to manage some valuable resource (time, money, energy) so that utility is
maximized. How do we sweep over a network with the least amount of back-
tracking? (Chapter 5); How do we find the shortest or least expensive route that
visits a specified set of locations? (Chapter 6); How do we create efficient net-
works that connect people or things? (Chapter 7); How do we schedule a project
so that it is completed as early as possible? (Chapter 8).

PART 3 Growth. In this part we discuss, in very broad terms, the mathematics
of growth and decay, profit and loss. In Chapter 9 we cover mathematical models
of population growth, mostly biological and human populations but also popula-
tions of inanimate “things” such as garbage and pollution. Since money plays
such an important role in our lives, it deserves a chapter of its own. In Chap-
ter 10 we discuss a few of the key concepts of financial mathematics: interest,
investments, retirement savings, and consumer debt.

PART 4 Shape and Form. In this part we cover a few connections between
mathematics and the shape and form of objects—natural or human-made. What
is symmetry? What types of symmetries exist in nature and art? (Chapter 11);
What kind of geometry lies hidden behind the kinkiness of the many irregular
shapes we find in nature? (Chapter 12); What is the connection between the Fi-
bonacci numbers and the golden ratio (two abstract mathematical constructs)
and the spiral forms that we regularly find in nature? (Chapter 13).

PART 5 Statistics. In one way or another, statistics affects all our lives. Gov-
ernment policy, insurance rates, our health, our diet, and our political lives are
all governed by statistical information. This part deals with how the statistical
information that affects our lives is collected, organized, and interpreted. What
are the purposes and strategies of data collection? (Chapter 14); How is data or-
ganized, presented, and summarized? (Chapter 15); How do we use mathemat-
ics to measure uncertainty and risk? (Chapter 16); How do we use mathematics
to model, analyze, and make predictions about real-life, bell-shaped data sets?
(Chapter 17).
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2015 Heisman Trophy finalists: Derrick Henry of the University
of Alabama, Christian McCaffrey of Stanford University, and
Deshaun Watson of Clemson University. (For the full story, see
page 13.)

The Mathematics
of Elections

The Paradoxes of Democracy

Whether we like it or not, we are all affected by the outcomes
of elections. Our president, senators, governors, and mayors
make decisions that impact our lives in significant ways, and
they all get to be in that position because an election made it
possible. But elections touch our lives not just in politics. The
Academy Awards, Heisman trophies, NCAA football rankings,
American Idol—they are all decided by some sort of election.
Even something as simple as deciding where to go for dinner

might require a little family election.



We have elections because we don’t all think alike. Since we cannot all have things
our way, we vote. But voting is only the first half of the story, the one we are most
familiar with. As playwright Tom Stoppard suggests, it’s the second half of the
story—the counting—that is at the heart of the democratic process. How do we sift
through the many choices of individual voters to find the collective choice of the
group? More important, how well does the process work? Is the process always fair?
Answering these questions and explaining a few of the many intricacies and subtle-
ties of voting theory are the purpose of this chapter.

But wait just a second! Voting theory? Why do we need a fancy theory to figure
out how to count the votes? It all sounds pretty simple: We have an election; we
count the ballots. Based on that count, we decide the outcome of the election in a
consistent and fair manner. Surely, there must be a reasonable way to accomplish
this. Surprisingly, there isn’t!

In the late 1940’s the American economist Kenneth Arrow discovered a
remarkable fact: For elections involving three or more candidates, there is no con-

sistently fair democratic method for choosing a winner.

“ It’e not the VOtiIlg that's democraoy; In fact, Arrow demonstrated that a method for deter-

it's the counting. ,,

1.1 B The Basic

mining election results that is always fair is a mathemati-
cal impossibility. This fact, the most famous in voting
— Tom Stoppard . , -
theory, is known as Arrow’s Impossibility Theorem.
This chapter is organized as follows. We will start with a general discussion of
elections and ballots in Section 1.1. This discussion provides the backdrop for the
remaining sections, which are the heart of the chapter. In Sections 1.2 through 1.5
we will explore four of the most commonly used voting methods—how they work
and how they are used in real-life applications. In Section 1.6 we will introduce some
basic principles of fairness for voting methods and apply these fairness criteria to the
voting methods discussed in Sections 1.2 through 1.5. The section concludes with a
discussion of the meaning and significance of Arrow’s Impossibility Theorem.

Elements of an Election

Big or small, important or trivial, all elections share a common set of elements.

= The candidates. The purpose of an election is to choose from a set of candidates
or alternatives (at least two— otherwise it is not a real election). Typically, the word
candidate is used for people and the word alternative is used for other things (mov-
ies, football teams, pizza toppings, etc.), but it is acceptable to use the two terms
interchangeably. In the case of a generic choice (when we don’t know if we are
referring to a person or a thing), we will use the term candidate. While in theory
there is no upper limit on the number of candidates, for most elections (in particu-
lar the ones we will discuss in this chapter) the number of candidates is small.

= The voters. These are the people who get a say in the outcome of the election.
In most democratic elections the presumption is that all voters have an equal
say, and we will assume this to be the case in this chapter. (This is not always true,
as we will see in great detail in Chapter 2.) The number of voters in an election
can range from very small (as few as 3 or 4) to very large (hundreds of millions).
In this section we will see examples of both.

m The ballots. A ballot is the device by means of which a voter gets to express his
or her opinion of the candidates. The most common type is a paper ballot, but a

3
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voice vote, a text message, or a phone call can also serve as a “ballot” (see Exam-
ple 1.5 American Idol). There are many different forms of ballots that can be used
in an election, and Fig. 1-1 shows a few common examples. The simplest form is the
single-choice ballot, shown in Fig. 1-1(a). Here very little is being asked of the
voter (“pick the candidate you like best, and keep the rest of your opinions to
yourself!”). At the other end of the spectrum is the preference ballot, where the
voter is asked to rank a/l the candidates in order of preference. Figure 1-1(b) shows
a typical preference ballot in an election with five candidates. In this ballot, the
voter has entered the candidates’ names in order of preference. An alternative
version of the same preference ballot is shown in Fig. 1-1(c). Here the names of the
candidates are already printed on the ballot and the voter simply has to mark first,
second, third, etc. In elections where there are a large number of candidates, a
truncated preference ballot is often used. In a truncated preference ballot the
voter is asked to rank some, but not all, of the candidates. Figure 1-1(d) shows a
truncated preference ballot for an election with dozens of candidates.

Choose one candidate

O Beyoncé

O Lady Gaga

O Rihanna

@ Taylor Swift
O Katy Perry

(a)

List all candidates in
order of preference

18
2nd

A

Leonardo Dicaprio

Matt Damon
34| Eddic Redwmayne

4™ [ wichacl Fassbender
35 th

Bryan Cranston

(b)

Rank all candidates in
order of preference

Bryan Cranston s

Matt Damon 2

Leonardo DiCaprio #7
Michael Fassbender ™"
Eddie Redmayne 31

(©)

List the top 3 candidates
in order of preference

18Y Derrick thenry
20 Chistian Mecaffrey
3% Deshaun Watson

(d

FIGURE 1-1 (a) Single-choice ballot, (b) preference ballot, (c) a different version of the
same preference ballot, and (d) truncated preference ballot.

® The outcome. The purpose of an election is to use the information provided

by the ballots to produce some type of outcome. But what types of outcomes
are possible? The most common is winner-only. As the name indicates, in a
winner-only election all we want is to find a winner. We don’t distinguish
among the nonwinners. There are, however, situations where we want a broad-
er outcome than just a winner—say we want to determine a first-place,
second-place, and third-place candidate from a set of many candidates (but we
don’t care about fourth place, fifth place, etc.). We call this type of outcome a
partial ranking. Finally, there are some situations where we want to rank all the
candidates in order: first, second, third, . . ., last. We call this type of outcome a
full ranking, or just a ranking for short.

The voting method. The final piece of the puzzle is the method that we use to
tabulate the ballots and produce the outcome. This is the most interesting (and
complicated) part of the story, but we will not dwell on the topic here, as we will
discuss voting methods throughout the rest of the chapter.

It is now time to illustrate and clarify the above concepts with some examples. We
start with a simple example of a fictitious election. This is an important example,
and we will revisit it many times throughout the chapter. You may want to think
of Example 1.1 as a mathematical parable, its importance being not in the story
itself but in what lies hidden behind it. (As you will soon see, there is a lot more to

Example 1.1 than first meets the eye.)

EXAMPLE 1.1 |

THE MATH CLUB ELECTION (WINNER-ONLY)

The Math Appreciation Society (MAS) is a student club dedicated to an unsung but
worthy cause: that of fostering the enjoyment and appreciation of mathematics
among college students. The MAS chapter at Tasmania State University is holding
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its annual election for club president, and there are four candidates running: Alisha,
Boris, Carmen, and Dave (A, B, C, and D for short).

Every member of the club is eligible to vote, and the vote takes the form of a
preference ballot. Each voter is asked to rank each of the four candidates in order of
preference. There are 37 voters who submit their ballots, and the 37 preference bal-
lots submitted are shown in Fig. 1-2.

Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot
Ist A Ist B 1Ist A 1st C 1st B 1Ist C 1st A 1st B 1st C 1st A 1st C 1st D 1st A 1st A 1st C 1st A 1st C 1st D
2nd B 2ndD 2nd B 2nd B 2ndD 2nd B 2nd B 2ndD 2nd B 2nd B 2nd B 2nd C 2nd B 2nd B 2nd B 2nd B 2nd B 2nd C
3rd C 3rd C 3rd C 3rd D 3rd C 3rd D 3rd C 3rd C 3rd D 3rd C 3rd D 3rd B 3rd C 3rd C 3rd D 3rd C 3rd D 3rd B
4th D 4th A 4th D 4th A 4th A 4th A 4th D 4th A 4th A 4th D 4th A 4th A 4th D 4th D 4th A 4th D 4th A 4th A

Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot Ballot
Ist C Ist A Ist D 1st D 1st C 1st C 1Ist D 1st A 1Ist D 1Ist C 1st A 1st D 1st B 1st A 1Ist C 1Ist A Ist A Ist D 1Ist A
2nd B 2nd B 2nd C 2nd C 2nd B 2nd B 2nd C 2nd B 2nd C 2nd B 2nd B 2nd C 2ndD 2nd B 2ndD 2nd B 2nd B 2nd C 2nd B
3rd D 3rd C 3rd B 3rd B 3rd D 3rd D 3rd B 3rd C 3rd B 3rd D 3rd C 3rd B 3rd C 3rd C 3rd B 3rd C 3rd C 3rd B 3rd C
4th A 4th D 4th A 4th A 4th A 4th A 4th A 4th D 4th A 4th A 4th D 4th A 4th A 4th D 4th A 4th D 4th D 4th A 4th D

FIGURE 1-2 The 37 preference ballots for the Math Club election.
Last but not least, what about the outcome of the election? Since the purpose of

the election is to choose a club president, it is pointless to discuss or consider which
candidate comes in second place, third place, etc. This is a winner-only election.

. EXAMPLE 1.2 | THE MATH CLUB ELECTION (FULL RANKING)

Suppose now that we have pretty much the same situation as in Example 1.1 (same
candidates, same voters, same preference ballots), but in this election we have to
choose not only a president but also a vice-president, a treasurer, and a secretary.
According to the club bylaws, the president is the candidate who comes in first, the
vice-president is the candidate who comes in second, the treasurer is the candidate
who comes in third, and the secretary is the candidate who comes in fourth. Given
that there are four candidates, each candidate will get to be an officer, but there is a
big difference between being elected president and being elected treasurer (the
president gets status and perks; the treasurer gets to collect the dues and balance the
budget). In this version how you place matters, and the outcome should be a full
B ranking of the candidates.

B EXAMPLE 1.3] THE ACADEMY AWARDS

The Academy Awards (also known as the Os-
cars) are given out each year by the Academy
of Motion Picture Arts and Sciences for Best
Picture, Best Actress, Best Actor, Best Direc-
tor, and many other, lesser categories (Sound
Mixing, Makeup, etc.). The election process is
not the same for all awards, so for the sake of
simplicity we will just discuss the selection of
Best Picture.

The voters in this election are all the eli-
gible members of the Academy (a tad over
6000 voting members for the 2016 Academy
Awards). After a complicated preliminary
round (a process that we won’t discuss here)
somewhere between eight and ten films are
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selected as the nominees—these are our candidates. (For most other awards there
are only five nominees.) Each voter is asked to submit a preference ballot ranking
the ten candidates. There is only a winner (the other candidates are not ranked),
with the winner determined by a voting method called plurality-with-elimination
that we will discuss in detail in Section 1.4. (The winner of the 2016 Best Picture
Award was Spotlight.)

The part with which people are most familiar comes after the ballots are submit-
ted and tabulated —the annual Academy Awards ceremony, held each year in late
February. How many movie fans realize that behind one of the most extravagant
and glamorous events in pop culture lies an election?

EXAMPLE 1.4 | THE HEISMAN TROPHY

The Heisman Memorial Trophy Award is given annually to the “most outstanding
player in collegiate football.” The Heisman, as it is usually known, is not only a very
prestigious award but also a very controversial award. With so
many players playing so many different positions, how do you
determine who is the most “outstanding”?

In theory, any football player in any division of college foot-
ball is a potential candidate for the award. In practice, the real
candidates are players from Division I programs and are almost
always in the glamour positions—quarterback or running back.
(Since its inception in 1935, only once has the award gone to a
defensive player—Charles Woodson of Michigan.)

The voters are members of the media plus all past Heisman
award winners still living, plus one vote from the public (as de-
termined by a survey conducted by ESPN). There are approxi-
mately 930 voters (the exact number of voters varies each year).
Each voter submits a truncated preference ballot consisting of a
first, second, and third choice (see Fig. 1-1[d]). A first-place
vote is worth 3 points, a second-place vote 2 points, and a third-
place vote 1 point. The candidate with the most total points
from all the ballots is awarded the Heisman trophy in a tele-
vised ceremony held each December at the Downtown Athletic
Club in New York.

While only one player gets the award, the finalists are ranked
by the number of total points received, in effect making the out-
come of the Heisman trophy a partial ranking of the top candidates. (For the 2015
season, the winner was Derrick Henry of the University of Alabama, second place
went to Christian McCaffrey of Stanford, and third place went to Deshaun Watson
of Clemson.)

Bl EXAMPLE 1.5] AMERICAN IDOL

American Idol is a popular reality TV singing competition for individuals. Each
year, the winner of American Idol gets a big recording contract, and many past win-
ners have gone on to become famous recording artists (Kelly Clarkson, Carrie
Underwood, Taylor Hicks). While there is a lot at stake and a big reward for win-
ning, American Idol is not a winner-only competition, and there is indeed a ranking
of all the finalists. In fact, some nonwinners (Clay Aiken, Jennifer Hudson) have
gone on to become great recording artists in their own right.

The 12 (sometimes 13) candidates who reach the final rounds of the compe-
tition compete in a weekly televised show. During and immediately after each
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weekly show the voters cast their votes. The can-
didate with the fewest number of votes gets
eliminated from the competition, and the follow-
ing week the process starts all over again with
one fewer candidate (occasionally two candi-
dates are eliminated in the same week—see
Table 1-11). And who are the voters responsible
for deciding the fate of these candidates? Anyone
and everyone —you, me, Aunt Betsie—we are all
potential voters. All one has to do to vote for a
particular candidate is to text or call a toll-free
number specific to that candidate (“to vote for
Clark, call 1-866-IDOLS09,” etc.). American Idol
voting is an example of democracy run amok —
you can vote for a candidate even if you never
heard her sing, and you can vote as many times
as you want.

By the final week of the competition there are
only two finalists left, and after one last frenzied
round of voting, the winner is determined. (For the
final 2016 season of American Idol the two finalists

1. SuperVote Online - http://www.americanidol.com/vote ends 8 am PT next day

2. SuperVote on FoxNow App - download in iTunes or Google Play were La’Porsha Renae and Trent Harmon, the
3. Google Search - google " American Idol Vote" or "Idol Vote" eventual winner. Table 1-11 shows a detailed sum-
4. Text Voting - text the "9" to 21523 ends 11pm PT f th It

5. Toll-Free Voting - call 1-866-IDOLS09 mary of the results.)

b

Examples 1.1 through 1.5 represent just a small sample of how elections can be
structured, both in terms of the ballots (think of these as the inputs to the election)
and the types of outcomes we look for (the outputs of the election). We will revisit
some of these examples and many others as we wind our way through the chapter.

Preference Ballots and Preference Schedules

Let’s focus now on elections where the balloting is done by means of preference bal-
lots, as in Examples 1.1 and 1.2. The great advantage of preference ballots (compared
with, for example, single-choice ballots) is that they provide a great deal of useful in-

formation about an individual voter’s preferences—in both direct and indirect ways.
To illustrate what we mean, consider the preference ballot shown in Fig. 1-3.
This ballot directly tells us that the voter likes candidate C best, B second best, D
third best, and A last. But, in fact, this ballot tells us a lot more —it tells

Ballot us unequivocally which candidate the voter would choose if it came
;;tdg down to a choice between just two candidates. For example, if it came
3rd D down to a choice between, say, A and B, which one would this voter
4th A choose? Of course she would choose B—she has B above A in her

FIGURE 1.3 ranking. Thus, a preference ballot allows us to make relative com-

parisons between any two candidates—the candidate higher on the

ballot is always preferred over the candidate in the lower position. Please take note of
this simple but important idea, as we will use it repeatedly later in the chapter.

The second important idea we will use later is the assumption that the relative

preferences in a preference ballot do not change if one of the candidates withdraws

or is eliminated. Once again, we can illustrate this using Fig. 1-3.

Ballot Ballot  ‘What would happen if for some unforeseen reason candidate B drops
;Sﬂtdg - éfltdg out of the race right before the ballots are tabulated? Do we have to
3rd D 3rd A have a new election? Absolutely not—the old ballot simply becomes
4th A the ballot shown on the right side of Fig. 1-4. The candidates above B

FIGURE 1-4 stay put and each of the candidates below B moves up a spot.



